Abstract. We formulated a mirror-free approach to the mirror conjecture, namely, quantum hyperplane section conjecture, and proved it in the case of nonnegative complete intersections in homogeneous manifolds. For the proof we followed the scheme of Givental's proof of a mirror theorem for toric complete intersections.
Introduction
Quantum cohomology of a symplectic manifold is a certain deformed ring of the ordinary cohomology ring with parameter space given by the second cohomology group. It encodes enumerative geometry of rational curves on the manifold. In general it is difficult to compute the quantum cohomology structure. On the other hand, mirror symmetry predicts an answer to traditional questions of counting the virtual numbers of rational curves of a given degree on a three-dimensional Calabi-Yau manifold, which amounts to knowing the structure of the quantum cohomology. In the large class of Calabi-Yau manifolds, the complete intersections in toric manifolds or homogeneous spaces, this mirror symmetry prediction [7, 3, 1, 2] can be interpreted as a quantum cohomology counterpart of the weak Lefschetz hyperplane section theorem relating cohomology algebras of the ambient manifolds and their hyperplane sections. As it is mentioned in [13] , "quantum hyperplane section conjecture" can be formulated in intrinsic terms of Gromov-Witten theory on the ambient manifold and does not require a reference to its mirror partner. In this paper we formulate and prove the conjecture for homogeneous spaces. It would be one of the highly nontrivial functorial properties enjoyed by quantum cohomology algebras. One can compute the virtual numbers of rational curves on a Calabi-Yau 3-fold complete intersection, provided one knows the quantum cohomology algebra of the ambient space. In fact, one needs to know the quantum differential equations of the space, which are certain linear differential equations arising from the flat connection in the quantum cohomology algebra. The mirror symmetry prediction is that the quantum differential equations of a Calabi-Yau manifold are equivalent (in a sense) to the Picard-Fuchs differential equations of another Calabi-Yau manifold. In contrast, the proposed conjecture is that there is a certain relation between quantum differential equations of a manifold and those of a certain complete intersection. When the ambient space is a symplectic toric manifold, the conjecture is a corollary of the Givental mirror theorem [14] .
Let X be a compact homogeneous space of a semi-simple complex Lie group and let V be a vector bundle over X. Suppose V 
We prove that one can be transformed to another by a unique "mirror" transformation. To describe the transformation, let q i = e t i , for i = 1, ..., k, and introduce another formal variable t 0 . Define degree of q i by c 1 (T X) − c 1 (V ) = (deg q i )p i . V coincide up to a unique weighted homogeneous change of variables: t 0 → t 0 +f 0 +f −1 and t i → t i +f i , where f −1 , ..., f k are power series of q 1 , ..., q k over Q without constant terms, deg f i = 0, i = 0, ..., k, and deg f −1 = 1.
Remarks: 0. J V will be shown to be the cohomological expression of solutions to quantum differential equations associated to (X, V ), which is closely related to the quantum differential equations of the smooth zero locus of V . The theorem can be extended to the case of decomposable concavex vector bundles V .
1. The change of variables is uniquely determined by coefficients of 1 = ( 1 ) 0 and 1 in the expansions of J V and I V as power series of 1 . 2. In the case of a symplectic toric manifold X the similar statement is a corollary of a mirror theorem in [14] , where Φ X is explicitly known. 3. For the proof of 1 we follow the scheme of Givental's proof [12, 14] of the mirror theorem for nonnegative complete intersections in toric manifolds.
4. The theorem verifies the prediction [1] of virtual numbers in Calabi-Yau 3-fold complete intersections in Grassmannians.
5. A mirror construction is established for complete intersections in partial flag manifolds [1, 2] . Because of the known quantum cohomology structure [8] , in principle there is no essential difficulty in finding G X β for each partial flag manifold X, even though a general formula of it is unknown.
6. The quantum hyperplane section principle is applied to a nonconvex manifold in [19] .
Notation: X will always be a generalized flag manifold G/P , where G is a complex semi-simple Lie group and P is a parabolic subgroup. Let T be a maximal torus of G in P and let T act on X on the left. Let a complex torus T ′ act on X trivially and let V be a T ×T ′ -equivariant convex vector bundle over X. Consider E a multiplicative class and suppose that
where H (T ×T ′ ) is the quotient field of H T ×T ′ (pt). In section 2, we will not consider T -action on X. In section 6, additionally we will assume that V is decomposable. The convexity of V is by definition that H 1 (P 1 , f * V ) = 0 for any morphism f :
.., k, form ample basis of ordinary Picard group. We denote X ABE(V ) by < A, B > V 0 , for A, B ∈ H * (T ×T ′ ) (X) and also we use V A := AE(V ) (equivariant push forwards). The Mori cone of X will be denote by Λ, which can be identified with Z k + with respect to coordinates p i := c 1 (U i ). On the additive group Z k we will give the standard partial ordering, so
Let φ v denote the equivariant pushforward of 1 under the embedding i v of the fixed point v to (X, V, E); this (X, V, E) has the Frobenius structure by pairing <,
G denote the set of G-fixed points of M. We will say simply degree and dimension for complex degree and complex dimension, respectively. Let a T a ⊗T a be the equivariant diagonal class of (X, Structure of the paper: In section 2, we recall a general theory of Gromov-Witten invariants and quantum cohomology. We introduce the Givental Correlators S V . In section 3, we show that the equivariant correlators satisfy certain "almost recursion relations." In section 4, we introduce the double construction and show that the correlators satisfy certain polynomiality in the double construction. In section 5, we introduce certain class P(X, V, E) of series of q = (q 1 , ..., q k ),
, where a 'mirror' group acts freely and transitively. In section 6, we introduce a modified correlator of S X . It will also belong to the class P(X, V, E). The modification is given by the hypergeometric correcting Euler classes H V β according to the decomposition type of V . In sections 7 and 8, we analyze the torus T action on a generalized flag manifold and its one dimensional orbits, the representations of the section spaces of equivariant line bundles restricted to the orbits. The analysis would be useful to find the explicit expression of Φ X . Acknowledgments: I am grateful to A. Givental and Y.-P. Lee for helping me to understand the paper [12] ; and V. Batyrev, I. Ciocan-Fontaine, B. Fulton, B. Kreußler, E. Tjøtta, K. Wirthmüller for useful discussions on the papers [12, 14] . Also, I would like to thank Institut Mittag-Leffler for the financial support during the year-long program, "enumerative geometry and its interactions with theoretical physics" in 1996/1997. My special thank goes to D. van Straten for numerous comments and help to improve the clarity of the paper.
Mirror Symmetry
2.1. The moduli space of stable maps. To fix notation we recall the definition of stable maps and some elementary properties of the moduli spaces of stable maps to X [16, 10, 6] . The notion of stable maps is due to M. Kontsevich. We recommend the (survey) paper of W. Fulton and R. Pandharipande [10] .
A prestable rational curve C is a connected arithmetic genus 0 projective curve with possibly nodes. The curve is not necessary irreducible. A prestable map (f, C; x 1 , ..., x n ) is a morphism f from C to X with fixed ordered n-many marked distinct smooth points x i ∈ C. We will identify (f, C;
if there is an isomorphism h from C to C ′ preserving the configuration of marked points such that f = f ′ • h. A stable map (f, C; {x i }) is a prestable map with only finitely many automorphisms.
Let M 0,n (X, β) be the (coarse moduli) space of all stable maps (f, C;
) with the fixed homology type β = f * ([C]) ∈ H 2 (X, Z). Whenever it is nonempty, the moduli space is a connected 1 compact complex orbifold with complex dimension dim X+ < c 1 (T X), β > +n − 3.
More precisely, locally near a stable map the moduli space has data of a quotient of a holomorphic domain by the (finite) group action of all automorphisms of the stable map. In the paper [10] are constructed smooth open complex domains V with finite groups Γ which act on V such that V /Γ are naturally glued together in the moduli space of stable maps. Let X ⊂ i P N , β = 0, and (X, i * (β)) = (P 1 , [line]). Here [line] denotes the line class of H 2 (P N ). Given a stable map (f, C) (without marked points for simplicity), choose hyperplanes H j in P N satisfying that {H j } gives rise to a basis of H 0 (P N , O(1)), f is transversal to the hyperplanes, and their inverse images {x i,j } i = f −1 (H j ) contain no nodes of C. Then the data (C; {x i,j }) determines a point in the moduli space of marked stable curves. Conversely, a point in a suitable closed subvariety of an open smooth domain of the moduli space of marked stable curves naturally determines a stable map f with the extra choices of elements in (C × ) N . If G is the product of the symmetric group of the elements of the each group {x i,j } i , then this G has an action sending the data (f, C; {x i,j }) to another by permutations of the new marked points. A (C × ) N -bundle of the smooth closed subvariety is an algebraic local chart of the moduli space of stable maps at f with the induced G action.
Example: Let X = P 2 and f be a stable map without marked points such that f is transversal to the hyperplanes x = 0, y = 0, and z = 0. Assume no singular points of C are mapped into the hyperplanes, and
This information (C; a 1 , ..., c 2 ) as a stable curve will determine f uniquely with (C × ) 2 ambiguity. This (C × ) 2 -bundle over some open subset of the smooth space M 0,6 is the local smooth chart. Notice that for instance, (C; a 2 , a 1 , b 1 , b 2 , c 2 , c 1 ) gives rise to the same f up to isomorphism. Thus we have to take account of the quotient by the finite group permuting the elements of sets {a 1 , a 2 }, {b 1 , b 2 } and {c 1 , c 2 }.
Claim: The stabilizer subgroup G (C;{x i,j }) of G is exactly the automorphism group Aut(f, C) of (f, C).
Proof: We shall construct a correspondence between G (C;{x i,j }) and Aut(f, C). Let g ∈ G (C;{x i,j }) which is given by one of the suitable permutations of x i,j . So, g(C; {x i,j }) = (C; {g(x i,j )}). Since the permutation does not change the stable curve (C; {x i,j }), there is an isomorphism h from (C; {x i,j }) to (C; {g(x i,j )}). The isomorphism h is unique since there is no nontrivial automorphism in the stable curve of genus 0. Of course this h gives rise to an automorphism of (f, C).
Conversely, if h is an automorphism of (f, C), then it induces an isomorphism from (C; {x i,j }) to (C; {g(x i,j )}) for a unique permutation g which we allow. Thus we established 1-1 correspondence, which can be easily seen to be a group homomorphism.
Remark: The action of Aut(f, C) may not be effective in general. For instance, see
Gromov-Witten Invariants and QH
There are natural morphisms on the moduli spaces, namely, evaluation maps e i at the i-th marked points and forgetting-marked-point maps π:
If s i are the universal sections for the marked points, then e i = e n+1 • s i (here we assume that π is the forgetful map of the last marked point). In the orbifold charts, π gives the universal family of stable maps as a fine moduli space.
Consider, for a second homology class β = 0 and an integer n ≥ 0, the vector orbibundle V β = π * (e * n+1 (V )). Here π is a flat morphism in the level of orbifold charts. Thus indeed, V β is vector orbi-bundle with the fiber
(it has nothing to do with marked points).
Then one can show that for all β
. This property will be equivalent to the associativity of the quantum cohomology of QH * (T ′ ) (V ) which we define in the below.
Let us choose a basis
of H 2 (X) by classes in the closed Kähler cone.
Notation:
The quantum multiplication • is defined by the following simple requirement; for
which is a formal power series of parameters q i . Thus our quantum cohomology QH 2.3.1. The flat connections and the fundamental solutions. Now let q i = e t i with the formal parameters t i . We have a one-parameter family of the formal D-module structures on QH *
For the fundamental solutions we introduce c i ∈ H * T ′ (M 0,N (X, β)), socalled Gravitational descendents. These c i are the first Chern classes of the universal cotangent line bundles at the i-th marked points. The line bundles are, by definition, the dual of the normal bundle of
for indeterminant x, y. Through out the paper,
where
The system of the first order equations ∇ i s = 0, i = 1, ..., k, has the following complete set of (dim H * (X))-many solutions [12] ,
where pt denotes k i=1 p i t i and is a formal variable (but when β = 0, set = 1). The following two formulas show that s a are indeed solutions to the quantum differential system ∇ i s = 0.
Using that c i − π * (c i ) is the fundamental class ∆ i represented by the section
, it is easy to derive so-called the fundamental class axiom and the divisor axiom [20, 12] . Let f i (x) be polynomial with coefficients in
(where we abuse the notation 'f i (π * (c)) = f i (c)',) and
which is the main object in this paper. This S V will be called the Givental's correlator for (X, V, E). It is an element in H *
The quantum D-module of QH * (T ′ ) (V ) is defined by the D-module generated by < s, 1 > V 0 for all flat sections s. When there is no V considered, we denote by QH * (X) the quantum cohomology. That is, using < ... > X , we define QH * (X).
Remark: Suppose a differential operator P (
Examples. The projective space P n : It is well known that in the quantum cohomology ring QH
) and q is given with respect to the line class dual to p. The corresponding operator is (
The solutions are explicitly known in [11] .
The complete flag manifolds F (n) : Let F (n) be the set of all complete flags (
.., I n ) where x i are the Chern classes of (S i /S i−1 ) * , S i are the universal subbundles with fibers C i and I i are the i-th elementary symmetric polynomials of x 1 , ..., x n . Let us use as a basis of H 2 (F (n), Z) duals of the first Chern classes of (S i ) * , i = 1, ..., n − 1. They are in the edges of the closed Kähler cone.
Let A(x i ) be a matrix
Then the quantum relations are generated by the coefficients of the characteristic polynomial of the matrix A(x i ).
The corresponding differential operators turn out to be obtained by the same method using A(x i ) with arguments
instead of x i , and − ∂ ∂t n−1 instead of x n [13, 15] . These differential operators are the integrals of the quantized Toda lattices. The quadratic differential operator of them can be easily derived. In fact, given a quantum relation of F (n) between the divisors x i , there is a unique operator satisfying that its symbol becomes the relation and it annihilates < s, 1 > 0 for all flat sections s. In general, the explicit cohomological expression S X of solutions to the quantum differential operators are not known. 
Let p be the induced class of the hyperplane divisor in P 4 . The quantum relation is (p•) 4 = 0. The corresponding operator is, however, not (
Notice that in this Calabi − Y au 3-fold case, we lose the whole information of quantum cohomology when one concerns only the quantum relation, (p•) 4 = 0. The unknown f (q) was conjectured by physicists [7] . The general idea of the prediction is the following. Roughly speaking, in theoretical physics, there are quantum field theories associated to Calabi-Yau three-folds by A-model and Bmodel. What we have constructed so far are A-model objects for Calabi-Yau threefolds. On the other hand using a family of the so-called mirror manifolds which are also Calabi-Yau three-folds, conjecturally one may construct the equivalent quantum field theory by B-model. The corresponding mirror partner of a quantum differential equation / quantum D module is the Picard-Fuchs differential equation / GaussManin connection of the mirror family. It was predicted that they are equivalent by a certain transformation. In [7] are obtained the conjectural mirror family of quintics, the Picard-Fuchs differential equation and the transformation. That is how the prediction is made. The prediction is now proven to be correct by Givental [12] .
2.4.
The idea of the proof of theorem 1. To describe the idea, let us notice that Givental's proof [14] of the mirror conjecture for the nonnegative toric complete intersections can be divided into three parts. (He shows in the paper that the mirror phenomenon occurs also in non-Calabi-Yau manifolds.) Let X be a Fano toric manifold with a big torus T , and V be a T × T ′ -equivariant decomposable convex vector bundle over X, where T ′ acts on X trivially.
has an "almost recursion relation," (b) it satisfies the polynomiality in the so-called "double construction," and (c) it is uniquely determined by the above two properties with the aymptotical behavior S V = 1 + o( 1 ). 2. In B-part, another (T × T ′ -equivariant hypergeometric) vector Φ V , presumably given by the mirror symmetry conjecture, is constructed. It is verified that it also satisfies (a) and (b) using a toric (naive) compactification of holomorphic maps from P 1 to X. 3. When c 1 (X) − c 1 (V ) is nonnegative and E = Euler, there is a suitable equivalence transformation between Φ V and S V .
In this paper, for a T × T ′ equivariant decomposable convex vector bundle V over any compact homogeneous X of a semi-simple complex Lie group G, we will show that S V satisfies property 1 above. In this case, T is a maximal torus of G. We define Φ V which corresponds Φ V of the toric case in property 2:
V (after the restriction to the fixed points) has the almost recursion relation exactly like S V and (B) Φ V has the polynomial property in the double construction. In fact, we design H ′ d to satisfy (A) and (B). Finally, when E = Euler and c 1 (T X) − c 1 (V ) is nonnegative, we will prove that a certain operation will transform S V to Φ V , since they satisfy the same almost recursion relation and the polynomiality of the double construction.
The almost recursion relations
As in section 2 let X be a homogeneous manifold G/P where G is a complex semisimple Lie group and P is a parabolic subgroup. Let T be a maximal torus. The T action has only isolated fixed points {v, w, ...}. The one dimensional invariant orbit of T is analyzed in detail in section 7 and 8. For a moment we need the fact that the closures of orbits are finite P 1 's connecting a fixed point v to another fixed point w. The torus action on X induces the natural action on the moduli space of stable maps by the functorial property. Since the evaluation maps are T × T ′ -equivariant, the pullbacks of T × T ′ -bundles have natural actions in the orbifold sense. In turn, V β has the induced T × T ′ -action. All ingredients in section 2 are from now on the equivariant ones. We would like to evaluate S V as a specialization of the equivariant one corresponding to S V . We use the same notation
for the equivariant one. Notice that S V might have power series of −1 in each coefficient of q d , since c are not anymore nilpotent. Using the localization theorem, we shall find an "almost recursion relation" on the equivariant Givental correlator. To begin with, we summarize the fixed points of the induced action on the moduli space of stable maps. If a stable map represents a fixed point in the moduli space, the image of the map should lie in the closure of the 1-dimensional orbits. The special points are mapped to isolated fixed points. Let us denote by α v,w the character of the tangent space of a 1-dimensional orbit connecting an isolated fixed point v to another w. Then, −α v,w is the character of the tangent line of the 1-dimensional orbit o(v, w) at w. We use β v,w to stand for the second homology class represented by the ray. Denote by o(v) the set of all fixed points w = v which can be connected by a one-dimensional orbit with v.
Lemma 1. Recursion Lemma ([12])
Denote by φ v the equivariant classes i * (1) at v, here i 
; and 2) furthermore, for S X itself, the first term R v is 1.
We will say that the statement 1) reveals the almost recursion relation of S V . The statement 2) shows that S X v have recursion relations in the ordinary sense.
Proof. First of all, using the short exact sequence
(The last map in the sequence is given by the evaluation of global sections at the marked point.)
A connected component of the T -fixed loci of the moduli space 
s by a localization theorem for orbifolds. We claim that the integral of 
, consisting of the stable maps sending the marked points to w. We obtain the morphism, joining the m-covering of o(v, w) to stable maps in F d ′ ,w . By the m-covering of o(v, w), we mean a totally m-ramified map from P 1 ∼ = C 1 to o(v, w) over v and w. Let
We claim that the normal bundles as in
where L is the universal tangent line bundle over X d ′ . The reason of the claim is as follows: Recall that each fixed component is isomorphic to the product of moduli space of stable curves (see section 3 in [16] for detail). Hence, we conclude that
(over each fixed components) is equal to a trivial bundle with nontrivial actions. The twister by action can be computed by study of action on normal spaces at (f,
and N 2 be the normal space of
Hence we conclude the claim (1) after canceling of [
On the other hand, the direct sum of the fiber of V d at (f, C 1 ∪C 2 ; x) ∈ F d,v,w,m and V | w is equal to the direct sum of the fiber of
. Thus, applying the localization theorem we obtain
where I is the integral over F Using induction on |d| = d i , we may assume that the integral factors in the second term are well-defined and belong to H
The double construction

Lemma 2. Double Construction Lemma
The double construction
is a power series of q 1 , ..., q k and z 1 , ..., z k with coefficients in H *
A priori W (S V ) has coefficients in Laurent power series ring of −1 over H * T ×T ′ . For the proof we will make use of graph spaces and universal classes defined in the below.
4.1.
The main lemma. Let L d be the projective space of the collection of all (f 0 , ..., f N ) such that f i (z 0 , z 1 ) are homogeneous polynomials of degree d. L d is isomorphic to P (d+1)(N +1)−1 . Given a stable map of degree (d, 1) from a prestable curve C to P N × P 1 , there is a special irreducible component C 0 of C such that C 0 has degree (d 0 , 1) under the stable map. This special component C 0 is parameterized by P 1 in the target space. Thus we can identify C 0 with P 1 and keep track where the other components intersect. Suppose the other connected components C 1 , ..., C l of C − C 0 intersect with
. If the degrees of C i are d i under the stable map, we now associate the stable map to Main lemma: (Givental [12] ) The above "polynomial" mapping from
4.2. The universal class. The T × T ′ -equivariant spanned line bundle U i over X gives rise to the T × T ′ -equivariant morphism µ i 0 : X → P N , and so we obtain:
we choose the lifted C × -action coming from the action on the vector space of N + 1 d i -homogeneous polynomials by
It is said to be a universal class in the paper [14] .
Denote by W d the vector orbi-bundle over G d (X) with the fiber
denotes the graphs space with one marked point and π 1 is the projection of X × P 1 to the first factor X. Then
Proof of Lemma 2.
It is enough to show the equality
The left integral is a T × T ′ × C × -equivariant push forward with as c 1 (O(1)) over P ∞ and the right one is a T × T ′ -equivariant push forward with a formal variable .
We will apply localization theorem. Let us analyze the 
)) is the pull-back of the Chern class of the universal cotangent line bundle of the first factor of M 0,1 (X, d
(
).
Let us analyze
where the first vertical map π 2 is the projection and under the second vertical map P N is embedded into L d i as the C × -action fixed locus of the part {z
1 [x 0 : ... :
and so
we see that
after applying the localization theorem only for C × action on G d (X). 
(We use the multi-index notation for z = (z 1 , ..., z k ) and q = (q 1 , ..., q k ).)
Whenever the data C comes from (X, V, E) as in lemma 1, we denote the class by P(X, V, E). So, in the case
, and
So far, we proved that S V for E = Euler is in class P(X, V, Euler).
In the below we introduce on P(C) a transformation group generated by the following three types of operations.
is homogeneous of degree 0, and
Coordinate changes: Consider a transformation:
∈ Q, and q exp(f (q)) = (q 1 exp(f 1 (q)), ..., q k exp(f k (q))). Then Z new is still in P(C). Let us call the transformation group the mirror group. 
Thus f Z has the almost recursion relation.
Finally,
, where A v , B v , and Euler(V ) v are the restrictions of A, B, and Euler(V ) to the fixed point v, respectively. Since p v z are different as v are different (this can be seen in section 7 and 8), e pvz and ze pvz are independent over H * (T ×T ′ ) . So we conclude that A v = 0 = B v for all v, and hence A = 0 = B.
5.2.
Proof of theorem 2. It suffices to show the transitivity of the action. Let Z 1 and Z 2 be in class P(C) and let
Since deg q ≥ 0, we may let
] is of homogeneous of degree 0 and Z We may let
where f i (q) are pure q-series over Q of degree 0 and g(q) are degree 1 in H *
. Now, consider operations on Z 1 : first, coordinate changes,
finally, multiplication by Z
2 (q),
which will show the polynomiality of double construction and the almost recursion relation for Φ V , respectively.
6.2. The proof of theorem. The homogeneous of Φ V is clear when E = Euler and the rest properties will be proven for general E.
First of all, it is easy check to see
For the polynomiality, consider
Let us use the notation and facts in 4.3. Since
and
which shows the polynomiality. Now let us check the almost recursion relation. Let
from (3) and the Claim, we obtain that
where R v,d is indeed a polynomial of 1/ over H * (T ×T ′ ) . However, since
has the same almost recursion coefficients C V v,w,m with S V .
6.3. Proof of main theorem 1. Recursion lemma 1 and double construction lemma 2 show that S V is in class P(X, V, Euler). Certainly S V is form of 1 + o( −1 ). According to theorem 3, Φ V also belongs to P(X, V, Euler). Then theorem 2 concludes the proof. (We use the condition that E = Euler, in order to make sure that S V and Φ V are homogeneous of degree 0.)
7. Grassmannians 7.1. Notation. Let e 1 , ..., e n form the standard basis of C n , T = (C × ) n the complex torus, and X := Gr(k, n) the Grassmannian, the set of all k-subspaces in C n . As usual, let T act on Gr(k, n) by the diagonal action. The fixed points v = (i 1 , ..., i k ) are then the k-planes generated by vectors e i 1 , ..., e i k . Denote by C n × X the trivial vector bundle with the standard action. Then we may consider L, the determinant of the bundle dual to the T -equivariant universal k-subbundle of C n × X. Define V = L ⊗l , l > 0. Denote by p the equivariant class c 1 (L). We may identify H * (BT ) with Q[ε 1 , ..., ε n ] by the correspondence that ε i is also denoted the equivariant Chern class of the line bundle over a point equipped with T action as the representation of the character ε i . With respect to the Chern class of L, we shall write d ∈ Z = H 2 (X, Z). For each complex value (x i,j ) the column vectors in the matrix span a k-plane which stands for a point in Gr(k, n). Then in the chart the action by (t 1 , ..., t n ) ∈ T is In each isolated fixed point of the Grassmannian there is dim Gr(k, n)-many 1-dimensional orbit (ray) passing through the point. For instance, if v = (1, 2, ..., k) , then there is only one ray (v, w) from v to w = (...,î, ..., j) for any i ≤ k < j. These rays have degree 1 ∈ H 2 (X, Z).
The Euler classes.
Notice that the tangent space at v = (1, 2, . .., k) of the ray connecting v to w = (...,î, ..., j) has the character α(v, w) = ε j − ε i , where j > k ≥ i. Similarly one can find out the characters for the other cases.
Let f : P 1 → Gr(k, n) be a m-fold morphism totally ramifying the ray over v and w. The T representation space H 0 (f * L ⊗l ) has the orbi-characters
where p v = −(ε 1 + ... + ε k ) and p w = −(ε 1 + ... +ε i + .... + ε k + ε j ) are p = c 1 (L) restricted to the fixed points v and w, respectively.
The flag manifolds
We analyze fixed points of the maximal torus actions and the invariant curves connecting two fixed points. This explicit description would be useful also to find S X explicitly.
8.1. The complete flag manifolds. Let X be the set of all Borel subgroups of a simply connected semi-simple Lie group G. It is a homogeneous space with the Gaction by conjugation. Then the maximal torus T -action (-fix one-) has isolated fixed points. They are exactly Borel subgroups containing T . The fixed points are naturally one-to-one corresponding to the set of Weyl chambers. Each Borel subgroup containing T gives rise to a negative roots (-our convention-) of B and so a chamber associated to the positive roots. Let C be the set of chambers. The tangent line subspace associated to the positive root α has the character α.
There is, if one fix a fixed point v, a natural correspondence between the H 2 (X, Z) and the characters of T . Then the Kähler cone is exactly the positive Weyl chamber v. Notice that the fundamental roots span the Kähler cone. Consider co-roots α ∨ . They span the Mori cone. We can identify the Mori cone Λ with the non-negative integer span of co-roots.
8.2.
The generalized flag manifolds. Let X be the set of all parabolic subgroups with a given conjugate type. Let T be a maximal torus of G. Then the fixed loci are isolated fixed points consisting of parabolic subgroups containing T .
